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We introduce duals for non-Abelian lattice gauge theories in dimension at least
three by using a categorical approach to the notion of duality in lattice theories.
We first discuss the general concepts for the case of a dual-triangular lattice (i.e.,
the dual lattice is triangular) and find that the commutative tetrahedron condition
of category theory can directly be used to define a gauge-invariant action for the
dual theory. We then consider the cubic lattice (where the dual is cubic again).
The case of the gauge group SU(2) is discussed in detail. We will find that in
this case gauge connections of the dual theory correspond to SU(2) spin networks,
suggesting that the dual is a discrete version of a quantum field theory of quantum
simplicial complexes (i.e. the dual theory lives already on a quantized level in
its classical form). We conclude by showing that our notion of duality leads to
a hierarchy of extended lattice gauge theories closely resembling the one of
extended topological quantum field theories. The appearance of this hierarchy
can be understood by the quantum von Neumann hierarchy introduced by one
of the authors in previous work.

1. INTRODUCTION

For a lattice gauge theory with Abelian gauge group G, the dual is
defined as the theory given by the dual lattice and the group of characters
of G as the gauge group (We will use the term lattice to signify a whole
CW-complex of maximal dimension embedded in the manifold we work in,
e.g., a triangulation of the manifold.) Here one assumes that starting with an
action defined by minimal coupling in the original theory (which we will
always do in the sequel), the action of the dual theory is again defined by
minimal coupling. Since the group of characters of G is again Abelian, the
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dual theory is of the same type as the old one. It is natural therefore to ask
for a notion of dual of a non-Abelian lattice gauge theory, a problem which
has been around in the field for at least two decades (We mention the approach
of ref. 1 here, but this differs from ours in the fact that it does not start from
the observation of the Doplicher–Roberts theorem and therefore does not
lead to a hierarchy of extended lattice gauge theories, but leads back to the
original theory upon double dualization. In ref. 12, we find the following
remark on duality: “the dual group, i.e., the set of irreducible representations
of G. The dual G* of an abelian group G has also the structure of an abelian
group . . . Such a group structure does not exist in the nonabelian case and
this prevents a straightforward generalization of duality.” The categorical
approach via the Doplicher–Roberts theorem allows for exactly this straight-
forward generalization.) The first step toward such a notion is simple: If G
is a compact group (which we will always assume), for G non-Abelian, the
information on G, though not reducible to its characters, is still fully contained
in Rep(G), the category of continuous unitary finite-dimensional representa-
tions of G (i.e., the objects are representations of this type and the morphisms
the intertwiners between these). This is shown by the Doplicher-Roberts
theorem [10] and extended to the case of a compact supergroupoid in ref. 4.
Using an equivalent categorical formulation of lattice gauge theories given
in ref. 5 and observing that Rep(G) is a 2-category with one object, we are
led to a dual of a non-Abelian lattice gauge theory as an extended lattice
gauge theory (in a sense to be specified below). We give a short sketch of
the content of the paper. We always assume G to be a compact Lie group.

In Section 2, we introduce the dual of a non-Abelian lattice gauge theory
on a lattice in dimension at least three which is dual to a triangular one (we
will call such lattices dual-triangular for short). We introduce an action
based on the commutative tetrahedron condition of ref. 17 and prove gauge
invariance. Besides this, we give a formal definition of a partition function
and discuss the relation to the usual notion of duality in the Abelian case.
We show how our approach extends to the case of a cubic lattice.

In Section 3, we discuss the case of the gauge group SU(2) in detail.
We show how one can strictly define the partition function by using a
normalized sum on Rep(G). We find that gauge connections of the dual theory
correspond to SU(2) spin networks which are four-valent in the case of a
cubic lattice. So, there is a correspondence of the classical dual theory to
quantum simplicial complexes [5], i.e., the dual theory lives already on a
quantized level. This fits in with the fact that the action and partition function
are purely combinatorial for the dual theory. We argue that the physical
meaning of the dual theory is to be seen as some kind of lattice approximation
of a quantum field theory of quantum simplicial complexes.
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We make a conjecture about the continuum limit of the dual theories in
Section 4. Section 5 contains a short discussion of the hierarchy of extended
lattice gauge theories which emerges because the dual of the dual (which
can be introduced for dimension at least four) is not the theory we started
from, but a theory on a still higher level of the hierarchy. This hierarchy
and its dependence on dimension closely parallel the hierarchy of extended
topological quantum field theories (TQFTs) (see, e.g., ref. 8 and the literature
cited therein). We show how this hierarchy can be understood in the frame-
work of quantum set theory [15].

Section 6 contains some concluding remarks and an outlook on possible
further work.

2. DEFINITION OF THE DUAL THEORY AND GAUGE
INVARIANCE OF THE ACTION

Let a lattice gauge theory with possibly non-Abelian gauge group G in
dimension at least three be given, i.e., we have a (finite) lattice g (given by
a set E of edges and a set V of vertices) embedded in a manifold M with
dimension n $ 3. A connection is a function V → G and a gauge transformation
is a function E → G. For simplicity, we will assume that there is always at
most one edge between a given pair of vertices. So, we can unambigously
label vertices by i, j, k, etc., and edges by pairs (i, j ), ( j, k), etc. A gauge
transformation (hi)i acts on a connection (gij )ij by

gij ° hjgijh21
i

Since we assume minimal coupling, the action S is defined by taking the
products of the gij around minimal 2-cells, e.g., for a triangular lattice, we
define Sn as the (normalized) trace of the product of the gij around n for
every triangle n (where reversing the orientation of an edge means replacing
gij by g21

ij and we implicitly assume a fixed representation of G to be given).
The action is then defined as

S 5 o
n

Sn

and the partition function Z for every temperature T 5 1/b by

Z 5 # dm e2bS

where the integral is taken over all connections and the measure is the one
induced by the Haar measure on G.

There is an equivalent definition of a lattice gauge theory using the
language of category theory [5]. Recall that a category consists of a set of
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vertices, a set of edges, and a partially defined product of edges (defined
whenever the endpoint of the first is the point where the second starts) which
is closed under this product and where the vertices are supposed to act as
left and right identities under the product (the vertices are also called objects
and the edges are called morphisms). Denote by g again the free category
on the lattice (i.e., adjoining all formal products of composable edges).
Interpreting G as a category with one object (taking the elements of G as
the edges and the product as the product in G), the following definition of
connection is equivalent to the usual one: A connection is a functor (i.e., a
morphism between categories) from g to G. To introduce gauge transforma-
tions, we need the notion of a natural transformation between two functors
^, & from a category # to a category $. A natural transformation h is a
family (hc)c of morphisms in $ indexed by objects in # and satisfying

hc: ^(c) → &(c)

and commutativity of

^( f )
^(c) —→ ^(d )
hc↓ ↓hd

&(c) —→ &(d )
&( f )

for every morphism f : c → d in # (where we use as usual the same functor
symbol for the images of objects and morphisms). The commutativity of the
diagram expresses the fact that the natural transformation shifts the image
of # under ^ in the one under & compatible with the categorical structure.
A natural equivalence is an invertible natural transformation, i.e., one where
all the hc are invertible. A gauge transformation is then a natural equivalence
between two functors representing connections.

We will now assume that g is a dual-triangular lattice, i.e., the dual
lattice (in the sense of Poincaré duality) is triangular. The tensor product of
representations gives a monoidal structure on Rep(G) (a monoidal category
is one carrying a functorially given product which satisfies the axioms of a
monoid up to isomorphisms; see any introductory text on category theory
for the details). This means Rep(G) is a monoid in the category Cat of
(small) categories and functors. Since a usual monoid—and therefore also a
group—is a monoid in the category Set of sets and functions, this suggests
that we should shift all the structural elements of a lattice gauge theory from
the level of sets to the level of categories in order to define the dual of a
non-Abelian lattice gauge theory as an extended lattice gauge theory (as we
will call the generalizations gained this way) with “gauge monoid” Rep(G).
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Since a usual lattice gauge theory is defined by functors and natural transfor-
mations, we have to invoke notions of 2-category theory in order to make
this precise.

The prototype of a category is the category Set of sets and functions.
The prototype of a 2-category is the category Cat of small categories and
functors. Cat has more structure on it then a simple category because we
have natural transformations between functors. This can be viewed in the
following way: The extra structure implies that every morphism set

Hom(C, D)

in Cat is actually not only a set, but a category itself where composition and
identities in Cat are compatible with this categorical structure on the Hom-
sets (i.e., composition and identities are functorial with respect to the structure
on the Hom-sets). A general category with this kind of extra structure is called
a 2-category. The usual morphisms are called 1-morphisms; the morphisms in
the Hom-sets are called 2-morphisms. A morphism between 2-categories is
called a 2-functor. Obviously, there is a notion of natural transformation
between 2-functors again. For two parallel 2-functors ^ and & between 2-
categories # and $, this consists of an assignment of 1-morphisms of $ to
objects of # and an assignment of 2-morphisms of $ to 1-morphisms of #
satisfying the commutativity conditions analogous to the above one (which
again just express the fact that the images of the 2-functors are shifted in a way
compatible with the 2-categorical structure). See ref. 11 for an introduction to
so called higher-dimensional category theory or ref. 6.

In the same way in which a group can be understood as a category with
one object, a monoidal category like Rep(G) can be understood as a 2-
category with one object: The objects of Rep(G) give the 1-morphisms, the
product of 1-morphisms (which is universally defined since there is only one
object) is defined as the tensor product ^, and the intertwiners in Rep(G)
give the 2-morphisms (with the usual composition + as product). We denote
this 2-category again by Rep(G). Let s be the 2-category generated by the
dual lattice, i.e., we take vertices i, j, k, . . . of the dual lattice as objects,
edges ij, jk, . . . as 1-morphisms, and triangles like ijk as 2-morphisms and
take the closure under formal compositions. We make the convention that 2-
morphisms in triangles are oriented in one of the two ways in Fig. 1 (i.e.,
the 2-morphism goes either from two edges to the third or vice versa; observe
that we do not consider the third as the composite of the other two when
defining s, but we take all formal composites), and that the four 2-morphisms
on the faces of a tetrahedron follow the orientation in Fig. 2.

We will see that this orientation is necessary in order to introduce a
minimal coupling action.
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Fig. 1. Orientation of morphisms in triangles.

A connection of the dual theory is then a 2-functor from s to Rep(G)
and a gauge transformation is a natural transformation between two such
functors with all its 2-morphisms invertible [it does not make sense to require
invertibility of the 1-morphisms of the natural transformation, too, since
Rep(G) is monoidal with ^, but not a group-like structure]. Let us write
down in detail what this means: A connection is a coloring of the edges with
continuous unitary finite-dimensional representations Vij and the faces (i.e.,
triangles) with intertwiners Aijk subject to the orientation requirement given
above. Besides this, the functoriality of the coloring introduces the require-
ment that only representations on the three edges of a triangle can appear
which allow for an intertwiner. A gauge transformation is a coloring of the
vertices with continuous unitary finite-dimensional representations Ui and
the edges with invertible intertwiners Bij. A gauge transformation between
connections (Vij, Aijk) and (V 8ij, A8ijk) has to satisfy the following requirements
(following from the definition of a natural transformation):

V 8ij ^ Uj > Ui ^ Vij

where

Bij: Ui ^ Vij → V 8ij ^ Uj

explicitly gives the isomorphism. Besides this, we have the requirement

Fig. 2. Orientation of morphisms for the tetrahedron.
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B13 + (idU1 ^ A123) 5 (A8123 ^ idU3) +
,
B13

for the intertwiners of a triangle with vertices 1, 2, 3, where
,
B13 is defined

as the composite of

B12 ^ idV23 : U1 ^ V12 ^ V23 → V 812 ^ U2 ^ V23

and

idV812 ^ B23 : V 812 ^ U2 ^ V23 → V 812 ^ V 823 ^ U3

We have written the condition for the intertwiners for a triangle oriented in
the first of the two above ways (i.e., with the arrow on the face ingoing to
the third); for the second one, one gets obvious orientation reversals of
the morphisms.

Having defined gauge connections and gauge transformations, we now
proceed to introduce an action. We start from the commutative tetrahedron
condition as given in ref. 17, which was already implicit in our orientation
requirement for the tetrahedron, above. Commutativity of a colored tetrahe-
dron is shown in Fig. 3.

Requiring the intertwiners on the faces in the right one of the two squares
to be in reversed orientation (as we did above), we get the possibility to
compose the intertwiners around the tetrahedron and then to take the trace.
This leads to the following expression for each tetrahedron T:

ST 5 tr(A013 + (idV01 ^ A123) + (idV23 ^ A012) + A023)

(where again 0, 1, 2, 3 are the vertices of the tetrahedron).

Lemma 1. ST is gauge invariant.

Proof. We have to consider a connection (V 8ij, A8ijk) which is a gauge
transform of (Vij, Aijk) under a gauge transformation (Ui , Bij ). We have

Fig. 3. Commutativity of a colored tetrahedron.
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S8T 5 tr(A8013 + (idV801 ^ A8123) + (idV823 ^ A8012) + A8023)

and since we use normalized traces (i.e., the trace of the identity is one), we
can take the tensor product with the identity on U3, getting

S8T 5 tr1 (A8013 ^ idU3) + (idV801 ^ A8123 ^ idU3)

+ (idV823 ^ A8012 ^ idU3) + (A8023 ^ idU3)2
which gives

,
B 21

03 + (A8013 ^ idU3) + (idV801 ^ A8123 ^ idU3)S8T 5 tr1 2+ (idV 8
23 ^ A8012 ^ idU3) + (A8023 ^ idU3) +

,
B03

By calculation, one proves

S8T 5 ST

which concludes the proof. n

Remark 1. We make a short remark concerning the above lemma: We
implicitly used the symmetry of the tensor product on Rep(G). If one would
work with a category of representations of a quantum group, one would have
to check that one can insert the twists in the right places (which probably
involves inserting twists in the definition of the action).

We now define the action as

S 5 o
T

ST

where the sum is to be taken over all tetrahedra in the dual lattice. For b the
inverse of absolute temperature, we introduce the partition function Z as

Z 5 o
representations

m o
Aijk

e2bS

Here (representations m means the sum over all possible colorings of edges by
irreducible continuous unitary finite-dimensional representations of G subject
to the condition that there exist always intertwiners on the triangles. For
simplicity, we restrict colorings to irreducible representations in the sequel,
but how to proceed in the general case is obvious then. The expression m
indicates that we take a weighted sum in general, in order to get convergence
(which means a kind of normalization). The second sum runs over all inter-
twiners which can be inserted on the triangles for fixed representations. For
a compact Lie group and a finite lattice it is always finite.

Remark 2. Observe that the double sum in the definition of Z is the
analog of the Haar measure in conventional lattice gauge theories, i.e., our
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dual theories are purely combinatorial, which should make them especially
amenable to computational approaches.

Remark 3. For the special case of G Abelian, all the information of
Rep(G) is, of course, contained in the characters. But if one decides to use,
in spite of this, the full category of representations, following the approach
outlined here, one still gets a different dual because the dual in our case is
an extended lattice gauge theory where one has the additional requirement
that faces are colored, too. But one can argue that proceeding this way is
not natural because in the Abelian case, Rep(G) is only artificially considered
as a category. So, our construction should be restricted to truely non-Abelian
groups (see also our discussion in the context of the quantum von Neumann
hierarchy below, where this can be understood in more rigorous terms).

Remark 4. It is clear how to get observables, i.e., more general gauge-
invariant expressions then the partition function: The partition function is
gained by combining intertwiners on faces around tetrahedra. More generally,
one can combine intertwiners on faces along larger closed bodies in the lattice
(by pasting tetrahedra together).

In concluding this section, we briefly discuss the case of a cubic lattice
g where the dual is cubic again. Denote by 1–8 the vertices of a cube. Orient
the edges of a square alternating as ingoing and outgoing, as indicated in
Fig. 4 for one of the squares of the cube, and attach an intertwiner from the
tensor product of the representations on the ingoing edges to the tensor
product on those of the outgoing edges to the square. Choose the orientations
on all the squares of the cube in such a way that they are compatible with
composing around the cube to obtain the following expression for each cube K:

AK 5 (idV14 ^ A5678 ^ idV23) + (A1478 ^ A2356)

+ (A1257 ^ A3468) + (idV57 ^ A1234 ^ idV68)

Fig. 4. Orientation of the square for the cubic lattice.
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where we have suppressed the appearance of twists interchanging factors in
the tensor product (since it is symmetric). Now, define

SK 5 tr K

and define the action and partition function as above, using SK instead of ST.

3. THE CASE OF SU(2)

We are now going to consider the case G 5 SU(2) in detail. We assume
again that g is dual-triangular. Since the representations of SU(2) are labeled
by spin numbers j, assuming that N is the number of edges of the dual lattice,
we can write the partition function as

Z 5 o
j1,...,jN

m o
Aijk

e2bS

where the first sum is again constrained by the existence of intertwiners on
the faces. By Clebsch–Gordan theory, it follows that for a triangular dual
lattice the intertwiners are fixed, once the representations are. So, the second
sum is trivial in this case. Choosing

m 5
1

( j1 ? ??? ? jN)2

we obviously get convergence. With this choice, we then have the parti-
tion function

Z 5 o
j1,...,jN

1
( j1 ? ??? ? jN)2 e2bS

Let us now proceed to discuss the physical meaning of the dual theory.
To achieve this, we first remark that the connections of the dual theory can
equivalently be interpreted as SU(2) spin networks. This is most easily seen
in the following way: Replace each triangle by a point and each edge by a new
edge intersecting it (which means considering the CW-complex consisting of
the vertices, edges, and faces of the dual lattice and taking again the Poincaré
dual of this) and take the coloring induced by the one of the dual lattices,
i.e., we get representations on the edges and intertwiners on the vertices
connecting these. But this is precisely the definition of a spin network (see
e.g., refs. 7 and 14 for the origin of the concept). In this case, the spin
networks arising are trivalent, i.e., we have three edges at every vertex. Using
a cubic lattice, we arrive at four-valent spin networks, which are discussed
in detail in ref. 7, because every vertex of a four-valent spin network can be
seen as containing the information on a quantum tetrahedron (the spins on
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every vertex describing states of the bivectors on the four faces of a tetrahedron
and the intertwiner on the vertex giving the condition that the tetrahedron is
closed). So, a whole spin network gives a state of a quantum complex (and
the type of a spin network, i.e., trivalent, four-valent, etc., gives the type of
complex; for a four-valent spin network, we have a state of a quantum
simplicial complex). See, e.g., ref. 7 for the details of this kind of quantum
geometry and ref. 9 for a detailed account of the quantum tetrahedron.

In conclusion, we have that each gauge connection of the dual theory
corresponds to a spin network and therefore to a state of a quantum complex.
This means that the dual theory lives already in the classical case on a
quantized level, and naturally fits in with the fact that the action takes a
purely combinatorial form. Taking the sum over connections in the partition
function then means taking the sum over quantum states. This is the reason
why we suspect that the natural interpretation of the dual theory is some
kind of lattice version of a quantum field theory of quantum geometry. We
will deal with this point again in the next section.

4. A CONJECTURE ABOUT THE CONTINUUM LIMIT

We restrict again to G 5 SU(2) in this section. The continuum limit of
a conventional lattice gauge theory is believed to be given by a gauge theory
with connections living on a principal bundle over the manifold M with
structure group G. Now, our “structure group” is Rep(G), i.e., a continuum
version of the dual theory consists of a kind of bundle over M with fibers
given by Rep(G). The monoidal structure on Rep(G) gives an immediate
definition of transition functions by left multiplication.

Remark 5. The usual compatibility condition for the transition functions
(which is in principle a 1-cocycle condition) should in a categorical setting
only be required in a weak form, i.e., up to a natural equivalence. Then a
so-called coherence condition (here a commutative tetrahedron for the natural
equivalences) is needed in order to assure that the weak condition can be
used in a similar way as the strict one. Since we did not deal with the weak
forms of categorical conditions in the whole paper, but assumed implicitly
that we work in a strictif setting (roughly speaking, having divided out all
the isomorphisms, which is possible in a 2-categorical setting, but not in
general in still higher dimensional categories), we will not deal with this
question here and refer the reader to ref. 16, where we already considered
bundles with categorical fibers.

Now, a connection in usual gauge theory is a Lie algebra-valued 1-form,
arising in the following way: The analog of the coloring of the edges by
group elements gives a function g with values g(x) P G in the continuum
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case. Developing this (by assuming that it is differentiable) around points
x P M leads to the connection. This means that in our case, we should
expect a pair of functions j and A with values irreducible, continuous, finite-
dimensional unitary representations and certain intertwiners, respectively,
which arise from the coloring of edges and faces. Since both irreducible
representations and intertwiners are parametrized discretely for SU(2), we
conclude that even upon requiring only continuity, j and A have to be constant.
We therefore arrive at the following conjecture:

Conjecture 2. Requiring continuity, there is no nontrivial continuum
limit in the sense of a theory given in terms of connections on a kind of
principal bundle for the dual of the minimal coupling SU(2) lattice gauge
theory.

There is a second possibility to approach the question of a continuum
limit which inherently dispenses with the continuity requirement, namely the
projective limit approach of Ashtekar and Lewandowski [2, 3]. There one
takes a projective limit over all SU(2) lattice gauge theories on all possible
lattices (with analytic edges; analyticity is assumed for technical reasons
there, but an extension to the smooth case is supposedly possible) and arrives
in the continuum at a theory where a gauge connection is an arbitrary function
which assigns elements of SU(2) to analytic paths in M and respects the
requirements that composition and orientation reversal go into the correspond-
ing group operations. Gauge transformations are simply SU(2)-valued func-
tions on M, operating on gauge connections in the obvious way. We therefore
make the conjecture below about a projective limit over all duals of all
SU(2) lattice gauge theories in M. But before we can do this, we need one
more definition.

Definition 1. We call a sheet a two-dimensional manifold immersed into
M together with a boundary which is the union of a finite collection of
oriented paths (called edges of the sheet), carrying an additional marker 1
or 2 (signifying them as ingoing or outgoing with respect to the sheet). The
endpoints and beginning points of the edges (where the boundary may be
singular) are called the vertices of the sheet.

Conjecture 3. We suppose that a projective limit over all duals of all
SU (2) lattice gauge theories in M will be of the following kind: A gauge
connection is a (not necessarily continuous) coloring of edges of sheets by
irreducible, continuous, finite-dimensional unitary representations and sheets
by intertwiners between the tensor product of the representations on the
ingoing edges and the tensor product on those on the outgoing edges, subject
to the requirement that pasting of sheets leads to composition of intertwiners
and the disjoint union of sheets goes to the tensor product of intertwiners.
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A gauge transformation is a (again not necessarily continuous) coloring of
vertices by representations and edges by intertwiners, acting on a gauge
connection again by the laws of a natural transformation.

Remembering the discussion in the foregoing section, we suspect that
a theory of the kind conjectured above can be gained as a second-quantized
theory from the Ashtekar–Lewandowski approach.

5. THE HIERARCHY OF (EXTENDED) LATTICE GAUGE
THEORIES

The central question in this section is the following: Can we take the
dual of the dual of a non-Abelian lattice gauge theory and what does this
theory look like? We should remark from the beginning that in this section
we do not want to spell out a detailed definition, but sketch the rough form
of the overall scheme. Taking the dual of the dual lattice leads, of course,
back to the original lattice. So, the main question is, What is the dual of
Rep(G)? One has to be very careful in keeping concepts apart here, in order
to give the correct answer. As a category of representations, the dual of
Rep(G) is, of course, the non-Abelian group G. But we considered Rep(G)
as a monoid in Cat here, i.e., it played itself the role of the gauge group.
So, dualizing again in the way we did when going from G to Rep(G), we
have to consider representations of Rep(G) (i.e., functors preserving the
monoidal structure) on a 2-vector space. A 2-vector space is a finite-dimen-
sional module category (a category carrying functors for addition and scalar
multiplication satisfying axioms analogous to the module axioms) over the
category Hilb of finite-dimensional Hilbert spaces (i.e., the finite-dimensional
Hilbert spaces play the role of the scalars). We refer the reader to refs. 8 and
13 for the technical details of this notion. Actually, we should use 2-Hilbert
spaces (as introduced in ref 4) instead of 2-vector spaces, in order to be able
to formulate a notion of unitary representation.

Now, all these representations of Rep(G) form a 2-category again, which
we denote by Rep2(G). This 2-category Rep2(G) then has to be used as the
“gauge group” of the dual of the dual theory. In order to be able to give
sense to this, we have to assume that we are working in dimension at least
four. For simplicity, we assume that the dual of the dual (i.e., the original)
lattice is now given by a triangulation of M. We have to introduce the notion
of a 3-category at this point, which is defined as a category with all the Hom-
sets carrying the structure of a 2-category such that composition is compatible
with this structure on the Hom-sets. A 3-category then has an additional
structural level of 3-morphisms. Attaching an arrow to each tetrahedron leads
to the free 3-category on the lattice. Besides this, Rep2(G) carries a kind of
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monoidal structure again, so it is naturally a 3-category with one object. It
is then clear how to introduce gauge connections and gauge transformations
of the dual of the dual by 3-functors and natural transformations between
these. The action is then defined by composing around the 4-simplex (observe
that gauge invariance of the action of the dual above merely depended on
the fact that a tetrahedron has a closed surface, which is true for the 4-
simplex, too).

If the dimension of M is sufficiently large, we can take the dual many
times, each time entering a higher level of categorification. A whole hierarchy
of extended lattice gauge theories emerges this way, which closely resembles
the hierarchy of extended TQFTs (see, e.g., ref. 8 for an introduction). The
hierarchy of extended TQFTs emerges on including singularities of higher
and higher codimension in the definition of the cobordism category and here,
too, the dimension of the manifolds considered determines the maximal level
of categorification. The same is true for the categorified manifolds (gained
as non-Abelian cohomology classes over classical manifolds) introduced in
ref. 16. In this case, a connection to bundles with categorical fibers and lattice
gauge theories was already pointed out.

There is a possibility to understand the emergence of these hierarchies
in a unified way. In ref. 15 it was shown how to take the first steps toward
mathematics in a set theory where the internal logic is not the classical, one
but is given by a q-bit (the lattice of linear subspaces of a two dimensional
Hilbert space). It was found there that the analog of the classical von Neumann
hierarchy (where sets of higher and higher level emerge from the empty set
by successive application of the power set operation)—which we called the
quantum von Neumann hierarchy—is given by the hierarchy of n-categories.
This means the hierarchies of extended lattice gauge theories, extended
TQFTs, etc., emerge on climbing to higher and higher levels of the quantum
von Neumann hierarchy. The conventional lattice gauge theories are then
just the ones we see when remaining on the lowest level of quantum set
theory. We now also can understand from an abstract view point why extended
lattice gauge theories appear to live on a quantized level already in their
classical form: Categorification corresponds to quantization—understood in
a very abstract sense—and a kind of iterative quantization is just the meaning
of the von Neumann hierarchy in a quantum set theory.

6. CONCLUSION

We have seen that the fact that Rep(G) is a monoid in the category Cat
of (small) categories and functors naturally suggests a definition of the dual
of a non-Abelian lattice gauge theory. Since we have to invoke the language
of 2-categories for this, one gets a constraint on the dimension (it has to be
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at least three in order to have volumes available around which to take the
action). For the case G 5 SU(2), we found that classical gauge connections
of the dual theory already correspond to spin networks, i.e., to states of
quantum geometries. This suggests that the dual theory is a lattice version
of a quantum field theory of geometry. We made a conjecture about the
continuum limit and discussed how the fact that the dual of the dual is not
the theory we started from leads to a hierarchy of extended lattice gauge
theories. Let us now make a few remarks about some questions deserving
further detailed study.

• There is, of course, the question of matter coupling. In conventional
lattice gauge theories, this is achieved the following way: As we already
remarked at the beginning, one implicitly assumes that a choice of representa-
tion of G has been made. While for the pure gauge theory case, this is not
relevant, for matter couplings, it becomes decisive. The matter coupling is
mathematically represented as an additional coloring of the vertices with
vectors of the space where the representation lives. A matter field (Ci)i

couples to a gauge connection (gij )i,j as

^Cj .gij .Ci&

where ^& denotes the inner product on the representation space. For a matter
coupling in the dual theory, one therefore first has to choose a representation
of Rep(G) on a 2-Hilbert space. One then has to use an additional coloring
of the vertices, respectively edges, with objects and morphisms of the 2-
Hilbert space, and the matter fields couple to the gauge connection by the
inner product (which is a functor now, i.e., allows for a simultaneous coupling
of objects and morphisms). The general structure of such a coupling can
easily be seen: Since a 2-Hilbert space has tuples of finite-dimensional Hilbert
spaces (which can, up to isomorphism, be seen as tuples of natural numbers)
as objects and tuples of linear operators between these as morphisms, we
have a coloring with tuples of spins at the vertices and tuples of operators
at the edges.

• Since we work in a 2-categorical setting, there is an additional level
of structure which we did not use, namely so-called modifications which are
transformations between natural transformations (see any of the introductory
texts on higher dimensional category theory mentioned above). This means
we can link gauge transformations together by gauge transformations of a
second level (gauge transformations on gauge transformations). The physical
meaning of this has still to be explored.

• The monoidal structure on Rep(G) is symmetric, i.e., the “gauge
group” of the dual theory is Abelian even for non-Abelian G. A non-Abelian
dual theory can only be gained when replacing G with a Hopf-algebra. This
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means that on climbing up the ladder of extended lattice gauge theories, a
q-deformed theory is transformed into one with a usual monoid-like (but
non-Abelian) gauge object, while a non-Abelian theory is transformed into
an Abelian one. Again, this appears as natural when one remembers that the
dual theory lives on a higher quantized level (higher level in the quantum
von Neumann hierarchy).
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